In this article we construct a relativistic extended metric theory of gravity, for which its weak field limit reduces to the non-relativistic MOdified Newtonian Dynamics regime of gravity. The theory is fully covariant and local. The way to achieve this is by introducing torsion in the description of gravity as well as with the addition of a particular function of the matter lagrangian into the gravitational action.
INTRODUCTION
In 1983 Milgrom proposed MOND (MOdified Newtonian Dynamics), a theory that introduced a modification of Newton's second law in order to explain the flattening of rotation curves in disc galaxies [1, 2] . From this empirical proposal it is possible to recover the baryonic Tully-Fisher relation, for which the rotation velocity V scales as a power of the baryonic mass M (composed of stars and dust) in the following form: V ∝ M 1/4 . Although in principle, the Tully-Fisher relation was found for disc galaxies, recent surveys have proven that it holds in dwarf spheroidal galaxies, wide binaries and globular clusters [3] [4] [5] [6] . Moreover, the astrophysical observations strongly suggest that MONDian gravity accurately describes pressure supported systems across 12 order of magnitude in mass [7] .
Despite the success that MOND has at the phenomenological level, that formulation is non-relativistic. From a mathematical point of view, MOND should be conceived as the weak field limit of a relativistic proposal. Several attempts have been done towards building a relativistic version of MOND. Amongst the many proposals in this direction we can name the Tensor-Vector-Scalar theories [8] [9] [10] [11] [12] [13] , galileons [14] , bimetric theories [15] , non-local theories [16] , modified energies [17] and field theories [18] to name a few.
Bernal et al. [19] built a relativistic proposal for MOND in the pure metric formalism. This theory is based on a dimensionally correct action for a f (χ) function, where χ is a dimensionless Ricci scalar defined as: χ = L 2 M R, and L M is a free coupling parameter of the theory with length dimensions, which is fixed by recovering MOND in the weak field limit. Taking this work as starting point Barrientos and Mendoza [20] analysed the previous proposal * Email address: ebarrientos@astro.unam.mx † Email address: sergio@astro.unam.mx but in the Palatini framework. Both, metric and Palatini formalism yield χ 3/2 as the function that turns into MOND on its weak field limit. This value is coincident with the results obtained in some cosmological analysis [21, 22] .
The f (χ) theory explains not only the flattening of rotation curves, but the correct bending angle of light for gravitational lensing in individual, groups and clusters of galaxies [23] . However, this proposal possess a mathematical inconvenient since the coupling constant L M has an explicit mass dependence and so, it makes this proposal non-local (there is however a mathematical way to deal with this caveat as explained by Carranza, Mendoza, and Torres [24] , Mendoza [25] ). As such, the f (χ) action must not to be seen as a complete theory but as a particular case of a more general idea.
In this article, we introduce a relativistic action, which in its weak field limit reduces to MOND, but unlike the f (χ) theory, the coupling constants has exclusive dependence in pure physical constants: Newton's gravitational constant G, the speed of light c and Milgrom's acceleration constant a 0 , making the action entirely covariant and local. This theory has two departures with respect general relativity. On the one hand, in the geometrical sector, we work with a f (R) theory with torsion. From the cosmological point of view, it has been proven that the torsion has interesting implications in order to explain the accelerated expansion of the universe [26, 27] . Our approach in this work is to find a MONDian behaviour in extended metric theories of gravity with torsion. On the other hand, based on the f (Σ) and f (L m ) theories [28] [29] [30] , where Σ is the trace of the energy momentum tensor Σ µν and L m is the matter lagrangian, we also modify the matter sector with an action which for this particular case is only dependent on derivatives of the matter lagrangian.
The article is organised as follows. Section 2 introduces some of the theoretical background needed for torsion and for the weak field limit of a general metric theory of gravity. In section 3 we present our preliminary attempts which yield the correct MONDian proposal described in section 4. Finally, in section 5 we discuss our results.
BACKGROUND INFORMATION
Before dealing with our action proposals, we first introduce some of the mathematical concepts which we will use throughout our work. The reader is referred to the extensive reviews of Hehl [31] , Hehl et al. [32] and the summaries of Capozziello et al. [26, 27] for further information. As we are interested in a general scenario where there exists two fundamental variables, the metric g µν and a priori non-symmetric connection Γ λ µν , let us start defining the torsion tensor S λ µν as:
If we demand that this connection holds the metric compatibility ∇ λ g µν = 0, then it is possible to relate it with the Levi-Civita connection {} λ µν of the metric g µν , through the following expression:
where the contorsion tensor K λ µν is given by [26] :
The Riemann tensor is a geometric quantity defined entirely in terms of a general connection by:
Substitution of eq.(2) into the previous equation yields a relation between the general Riemann tensor R α ǫµν and the standard Riemann tensor built exclusively in terms of the Levi-Civita connection R α ǫµν ({}):
The Ricci tensor is defined by the contraction of the first and third index: R µν := R α µαν . Performing this contraction in eq.(5), yields to:
where∇ is the covariant derivative defined in terms of Levi-Civita connection only. Sometimes, instead of working with the torsion tensor, it is useful to express the results in terms of the torsion's contraction. In order to simplify the notation we define the following tensor:
called the modified torsion tensor, and where S µ := S λ µλ .
In this work, we use a simplified torsion term which is only vectorial as described in the work of Capozziello, Lambiase, and Stornaioloi [33] . For this particular kind of torsion, the Ricci tensor is given by:
Since we are assuming the existence of torsion, there are two main differences when performing the variations and the use of Gauss' theorem when integrating by parts, as compared to the purely metric formalism. Such differences are expressed in the following equations:
and
where W µ is a density tensor of weight +1. Also, since we are interested in the non-relativistic weak field limit for our proposals, the metric is expanded as a Minkowskian background plus a small perturbation. The perturbations are given in factor terms of order 1/c. For the purposes of this work, a second order perturbation will be enough, since it this is sufficient to explain the motion of mater and light particles at the non-relativistic level [34] . Taking as base the work of [35] , the metric coefficients at second perturbation order are given by:
Let us now make the assumption that the MONDian behavior of gravity is a physical effect due to the existence of torsion. The way to express this assumption is by the addition of torsion terms to the Hilbert action. Using eq. (8) as base, we propose the following action:
where κ is a coupling constant. In this case the null variations are calculated with respect to the metric g µν and the modified torsion tensor T µ . The field equations derivated from the action (12) are:
for the null variations with respect to the metric, and
for the null variations with respect to the modified torsion. Eq. (14) is a differential equation for the torsion T α and it can be substituted into (13), yielding a single field equation:
From the latter equation we conclude that a relation between R{} and Σ is not possible because eq. (14) is a differential equation involving only T , and not L m ).
Thus, in order to continue analysing this proposal, we need to make an extra assumption for the functional relation between T and Σ 1 . Let us assume the following:
where κ ′ is a constant of proportionality. At first view, it seems that these assumptions are very arbitrary, but the first one is for simplicity and the second one is based on 1 By making this assumption, we are introducing additional information to the proposal, which makes it somewhat inviable, but it will give us a good idea on to the correct path to follow.
an order of magnitude analysis that will recover MONDian acceleration as will be further discussed. With eqs. (16) , expression (15) takes the following form:
where we have changed∇ by ∂ α and dropped the Newtonian-like 4πGρ term since we are only interested in the MONDian regime of gravity. Contracting the previous equation and substituting the trace of the energymomentum for dust, we obtain:
So far, we have not said anything about the constants κ and κ ′ . Due this freedom, we propose the the following constraint:
This assumption implies that to second order perturbation, the term in parenthesis in equation (18) is a zeroth order term. For the metric (11), the Ricci scalar at second perturbation order and the term involving the matter density are respectively given by:
Thus, eq. (18) to second perturbation order is:
for the acceleration a = −∇φ.
To order of magnitude ρ ≈ M/r 3 and ∇ ≈ 1/r and so, the previous equation is:
MONDian acceleration has a r −1 dependence. In order to obtain that, the parameter
With this value, the acceleration (22) is given by:
The previous equation is important to our analysis. We have already obtained the correct dependence on M and r of the MONDian acceleration. Therefore, the constants κ and κ ′ depend exclusively on c, a 0 and G in the following form:
This approach represents an entirely local and covariant relativistic formulation of MOND. However, it cannot be an option to become a correct relativistic formulation of MOND because the assumptions (16) have no physical or mathematical support. Despite this, the proposal gives us some clues towards the correct path to follow in order to enhance our theory.
f (R{},∇µLm)
The next logical step in order to construct a relativistic formulation of MOND consist in substituting the assumptions (16) on the action (12) . As such, we propose the following action:
where λ is a coupling constant. This formulation, unlike the two previous, has only the metric as a dynamical variable. The field equations obtained from the null variations of the previous action with respect to the metric are given by:
where the Laplace-Beltrami operator ∆ := ∇ µ ∇ µ . Contracting the latter expression with the metric g µν yields:
For the case of dust, the previous equation yields:
In order not to obtain dependence on the speed of light at second perturbation order on the terms in between parenthesis in the previous equation it is required that:
At the same perturbation order, the terms involving ρ are of the zeroth order. Using the metric (11), such terms are:
(31) Direct substitution of these last two expressions and relation (20) , in eq. (29) yields:
Based on the results of subsection 3 3.1, particularly on the ones in eqs. (23) and (25), we take the following values:
in order to obtain the following formula for the acceleration (given by eq.(32)):
An order of magnitude calculation of the previous equation yields:
which is the right MONDian dependence for acceleration. For completeness, we must adjust the numerical value of ζ. This is accomplished solving analytically eq. (34) , but this expression is very complicated to handle and so, we will not to solve eq.(34) directly. Instead in the following section we put together what we have learnt from subsections 3 3.1 and 3 3.2, in order to build a theory which in its weakest field limit yields a Poisson-like equation less complicated than the one of (34).
THE FINAL PROPOSAL

Field equations
With all the knowledge acquired from the previous attempts, let us start with the following action:
where ω and ω ′ are the action's coupling constants. Since the action is a f (R) function, there are two variables again, the connection (via torsion) and the metric. The resulting field equations are:
for the null variations with respect to the metric, and:
for the null variations with respect to the connection and f ′ := ∂f /∂R. The corresponding traces of the previous equations are given by:
and:
For the dust case, eq. (40) remains the same, while eq.(39) turns into:
Let us make the following assumption:
With this explicit relation, the traces (eqs. (41) and (40)) are given by:
MOND
Based on the results of subsections 3 3.1 and 3 3.2, we choose the following values:
Direct substitution of these values into eqs. (43) and (44) yields:
Let us analyse in more detail these expressions. From eq. (46) we obtain a relation R = R(ρ) and substitution of this into eq.(47) yields T = T (ρ). Thus, for a vectorial torsion (8) we find a relation R{} = R{}(ρ). The end result of performing these substitutions yields a complicated expression and so, instead we perform an analogous procedure to the one followed by Barrientos and Mendoza [20] and write eq. (8) as:
in which we have used eq.(47) which allow us to express express T µ = T µ (R). By performing Taylor expansion for H(R), and keeping only terms up to the linear term in R, it follows that:
where ϑ is a constant. Substitution of this result in eq. (8) gives:
Direct substitution of this equation into eq. (46) yields:
.
(51) Since we are only interested in second order terms of 1/c, we require that the coupling constants ω and ω ′ must satisfy the following constraint:
From this restriction and using eqs. (20) and (31), the acceleration derived from eq.(51) to second perturbation order is given by:
which, to order of magnitude yields:
In order to recover a MONDian acceleration, the coupling constants ω and ω ′ must satisfy the following condition:
Using Buckingham's theorem of dimensional analysis [see e.g. 36] with a 0 , G and c as the independent variables, it follows that:
which satisfy the requirement (55). Defining Λ ′ /Λ := Ξ and using the previous expression for the coupling constants, eq.(53) is:
(57) Since we are looking for a Poisson-like equation as simply as possible, we choose A = 1 and B = 3/2, so that eq.(57) turns into:
Solving analytically the last relation (see appendix A), the following value of Ξ is founded:
PPN consistency
In this analysis, we expand the metric g µν as:
where η µν = diag (1, −1, −1, −1) is the Minkowskian metric and h µν is a small perturbation. To first order on h µν (second order in 1/c 2 ), the components of the Ricci tensor are given by: Substituting the value η = 1, the functional form f (R) = R 4 , the definition of Ξ and eqs. (56) into the full field eqs. (37), the following equation is obtained:
with a trace given by:
Using this relation in eq.(62), the field equations are:
Based on eq.(48), we can express R µν as:
From eq.(49), we conclude:
where ϑ µν is a second rank tensor. Using eq.(65) for dust, the 00 component of eq.(64) at second order of approximation is given by:
where we have used the fact that the derivatives with respect to the coordinate x 0 are of order 1/c. Comparing this latter equation with eq. (58), we find the following relation:
where we have already substituted eqs. (61), (20) and (31), and define G(φ) as:
The explicit dependence in φ is given for the solution ρ = ρ(φ) obtained by solving eq.(58).
In order to be in agreement with the metric (11) employed in our exploration examples, the following relation must hold: h 00 = 2φ/c 2 , and so:
Using eqs. (61) and (65), the spatial components of eq.(64) for dust are:
To handle this equation in a better way, we contract it with η ij . Defining H 3 := η ij H ij and h 3 := η ij h ij , eq.(71) turns into:
Using eqs. (20), (31) and (69) and comparing with eq.(57), the latter expression can be expressed as:
Since we are looking for H ij in order to have h ij = 2φ/c 2 δ ij , therefore:
and because we are working in an isotropic frame, we conclude that:
In order to keep the contribution of H µν as small as possible, we choose the following values:
which guarantee a sufficiently small value of (2) H ij given by the second term on the right hand side of equation (75).
DISCUSSION
As mentioned in the introduction, many proposals of extended theories of gravity have been constructed. Recently, a new approach by Verlinde [37] yields an estimate of the excess gravity in terms of the baryonic mass distribution and the Hubble parameter. In a first astrophysical test, this approach has been able to account reasonably well for the expected lens signal of low redshift galaxies [38] . Despite this, it is not very clear from the theoretical developments of the theory how to apply such results to an extended system such as a cluster of galaxies.
From the very early stages in the introduction of torsion onto gravitational phenomena, it has never been thought as to which effect it can produce. Furthermore, it has never become clear how it can affect standard gravitational interactions. In this work, we have shown that if we want to understand MONDian phenomenology in the relativistic regime, we require to extend gravity in such a way that the functional action f (R, L m ) has the following form -see eq.(36): (78) This formalism is fully covariant and local and so, unlike many of the previous attempts built to generalise MOND to a relativistic regime it can be tested in many astrophysical systems, such as weak and strong lensing of individual, groups and clusters of galaxies. It can also be applied for a Friedmann-Lemaître-Robertson-Walker universe and test the behaviour of the large-scale universe at the present epoch. We intend to deal with all these problems elsewhere.
The departures introduced in the matter sector of the action (77) with respect to the classical matter action L m , brings with it some theoretical concerns since it is not clear that such a choice would lead e.g. to geodesic trayectories, but this is a much broader subject to discuss in the present article. However, the motivation of choosing this particular action comes from the field equations at the non-relativistic level, since at this level of approximation, the field equations can be expressed as:
In terms of the mass M , the radial coordinate r and the acceleration a, at order of magnitude, the previous equation can be written as:
This last expression yields the correct mass and radial dependence for the MONDian acceleration. Therefore, our choice (77) was made in order to recover the dependence (80). From the above simple calculation, this choice is not unique and others actions can be built in order to achieve (80). Such actions may in principle contain the theoretical issues that the approach introduced in this work presents.
The fact that the matter Lagrangian appears inside the gravitational action contradicts the precise measurements performed on Earth and on the solar system with respect to this fact. As it has been noted all throughout the article, the MONDian behaviour of gravity occurs at mass to lenght ratios quite different from the characteristic ones associated to the solar system. In this respect, the proposal constructed in this article cannot be applied to any mass to length ratio system similar to those of the solar system. It can only be applied to systems where that ratio is much less than one, in which essentially the equivalent Newtonian gravitational acceleration is a 0 . It is precisely on these systems where the matter Lagrangian will appear inside the gravitational action.
The main conclusion that we can derive from this work is that in order to recover a MONDian acceleration from a F (R) theory, derivatives of the matter Lagrangian must be present in the field equations. The proposal of a matter Lagrangian function appearing on the gravitational action is not new and has been studied previously [39, 40] . The posibility of building similar field equations from a gravitational action that does not involve derivatives of the matter Lagrangian and satisfies standard conservation laws is beyond the scope of this work, but will be studied by us in future research.
